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What is Helmholtz equation?

e The wave equation at a single frequency
V- (c*(x)Vu) + w?u = f(x)

e For computational mathematicians this equation becomes
2
(A+w Hu="f~
e AsA<O0andw2>0 the problem is

indefinite - challenging for iterative
methods
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Why is it hard to solve the Helmholtz equation?
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The Helmholtz equation

V- (c?(x)Vu) + w?u = f(x), r € (),
With boundary conditions
iawu + B(c? () - Vu) =0, o + 8% =1,
Then for reasonable problems
fel?(Q) ceL™®(€) 0<cpin < c(x) < cpax < 00

there is a unique weak solution ¢, ¢ Hl(Q) away from resonances
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The wave equation leading to the Helmholtz eq.

-
If u solves Helmholtz then the I = — - periodic function
w

w(t, x) := u(x) exp(iwt)

solves the wave equation
wy =V - (?(x)Vw) — f(x)e™, z€Q, 0<t<T,
w(0,x) = vo(x), we(0,2)=1v1(x),

where the initial data provide the connection to Helmholtz

Vo = U V1 — ZCLJU In WaveHoltz we find these initial
conditions

VIRGINIA
TECH



The WaveHoltz iteration

Recall: w(az, t) solves wave with initial data U (CE) and U1 (:E)

We filter the wave eq. solution for one period

) [ 2 ] ) %/OT (Cos(wt) - i) [ Z((i’,?) ] i, T=",

This defines our WaveHoltz iteration

(n+1) (n) (0)
(Y (Y (Y

u u
The (unique) fixpoint is the Helmholtz solution! [ : ] = 11 [ ]
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Vo 2 [T 1 w(t,x)

Questions?! 1| ° (=7 [ (cos(wt) O | di

U1

Where did the time averaging come from, and what about the strange 1/4?
Does this actually converge?

Isn’t a fixed point iteration slow?

Why don't | just solve Helmholtz right away?

Does it work in practice and for high frequencies?

Marmousi2 on 13601 x 2810 grid, w = 800 rad/s. Biggest 3D problem so far is 8B DOF




Analysis

e Bounded interior problem with homogenous Dirichlet or Neumann boundary
conditions. o
e Then uis real and one initial condition will be enough and e’ = cos (wt)

wy = V- (c(x)*Vw) — f(x)cos(wt), z€Q, 0<t<T,
w(0,z) =v(x), w(0,x) =0,

2 (" 1
[lv = —/ (Cos(wt) — —) w(t, x)dt, " = TTw™, v =0,
T/, 4
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Convergence of WaveHoltz to Helmholtz

The minimal "wave equation” and the corresponding “Helmholtz” eq. is:
2 2, 2
Wi = =AW — f cos(wt) —wu=—-XANu—f

f
w2 — \2

For general initial condition|1W (0) = v,| W;(0) = 0 it can be checked that the solution is:

Here we can just solve the Helmholtz equation: U =

W(t) = ulcos(wt) — cos(At)] + v cos(At)

== i 13 [cos(wt) — cos(At)] + v cos(At)
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Convergence of WaveHoltz to Helmholtz

Plugging in this solution in the iteration we see: W (t) = u[cos(wt) — cos(At)] + v cos(At)

—/ wat>wwﬁf

= u[l — B(A)] +vB(A)

K\—&_[v)—u]%—u

2 [T 1
The error is reduced by 5(\) = T / (cos(wt) — —) cos(At)dt
0
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Convergence of WaveHoltz to Helmholtz

1
The error is reduced by

BA) = %/OT (cos(wt) — i) cos(At)dt 0.5

Introducing g = é 0F

W
We get the explicit expression:
-0.5
(0.5, 9 =0,
B(0) =< 1, 0=1,
sin(276) ( L+ - i) otherwise
X 27 0+1 0—1 20 ) )
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Convergence of WaveHoltz to Helmholtz

Let the eigenpairs of —V - (¢*(2)V) be (5, )\?)

Expand everything in this ON-eigenbasis to find:

[lv =8lv—u|+u, Sqx Z@ )49 ()

V" =S —u] Fu =" —u =S —

The linear operator S has eigenpairs (¢j, B(Aj)) and is contractive.
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Convergence of WaveHoltz to Helmholtz

- . e A
Defining the relative distance to resonance as: 0 = inf - >0
J
andlet p = max|B()\;)| =1— c§*
J
We have [[v""" — ull72(q) = [IS[v" — U]l 72¢q) = Zﬁ )20 —a5] < p* ™ = ull7a o

H1 is similar and we thus have

Theorem (Convergence)

The WaveHoltz iteration converges in H'(Q) to the solution of the
Helmholtz equation, for the Dirichlet and Neumann problems away
from resonances. The convergence rate is 1 — O(62).

w
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Rate of convergence - acceleration by conjugate gradients

The rate of convergence p = mjax 1B(Aj)] =1~ ¢6? means that for fixed TOL

#iterations is O(6?)

1 _ . :
From Weyl's law we have )\j ~ 74 and this leads to #iterations ~ w2d
Filter with coarse and fine A for w=1.15

Write as a linear system - accelerate with CG ’

_ﬂ‘
V= HU <~ (I - S)U — HO :(;\Jh-coarse
W—/ 05! O A, -fine |
A © )\ -true
Eigenvalues of A are 0 <1—-p(\) < g
O,
The eigenpairs of —V - (¢*(x)V) are (¢, )\3)
05 ‘
0 1 2 3 4



WaveHoltz 3, w=8.5, Np=4

WaveHoltz: w=8.5, Np=4, order=4, TS=implicit[10]

‘ ‘ A BT ||
100 —e—FixPnt : CR=0.81, ECR=0.95 1 = |8, @, T)|
—8— Krylov : CR=0.28, ECR=0.73 ] ) ACR
—— Theory: ACR=0.899
0.8 i
I
_ 06 ]
_
0.4 1
I
021 i
Sphere, G2, I, O4
| | | | 0 | |
0 10 20 30 40 50 0 5 10 15 20
iteration A
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0.5¢

Increase number of periods

2 [Nt 1
N, T /0 (cos(wt) — Z) cos(At)dt

WaveHoltz beta function

— Np=2
— 0 Np=3

—p: Np=1 |

Replace with polynomial

N

2 .

T Z (Cos(wet”) — %) W o, At,
n=0

Time filter vs number of time-steps, N p=2

| ——N,=8
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Numerical examples

VIRGINIA
TECH



WaveHoltz + CG is insensitive to distance to resonance

\v/ \ — WHI-CG
——— GMRES <#— Standard Helmholtz
—— WHI-FP
v 10
V'8
V5
Mﬂ'

0.5 1.0 1.5 2.0 2.5 3.0

Unit square with fixed PPW, resonances at wr/m = vm? + n?
Textbook 2nd order FD method.

iterations
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Optimal O(N) algorithm via (A)MG for linear systems and eigs

EigenWave - setforcing =0and use : |nyerting the same nice system every
Krylov-Schur (slepc) i timestep using MG

SR N
/st PEEAREIN 2
P : At n+1 n—1
[ (I 2 LM) (W + W) =g
N WaveHoltz GMRES+HILU(5)
AN grid N its | ECR | CPU (s) its CPU (s)
square 2567 14 0.58 4.3 5.3e2 1.7€0
i i i square 5122 14 0.58 16 2.8e3 5.0el
EigenWave scaling: disk, order 4 : 5
arid- cigen- | wave- | multigrid CPU CPU | i | square 1024( 14 0.58 63 2.6e4 2.0e3
As points pairs | solves cycles seconds | ratio | | square | 20482 14 0.58 258 1.3e5 5.8e4
1/40 6.8e+03 18 86 6.0 7.8e+00 :
1/80 2.8e+04 20 86 6.8 2.6e+01 3.35
1/160 1.1e+05 21 88 8.7 1.1e+02 4.15
1/320 4.2e+05 19 90 8.2 4.2e+02 3.87
1/640 1.7e+06 21 88 9.0 1.3e+03 3.16
1/1280 | 6.7e4+06 18 92 9.8 6.1e+03 4.61
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Inerauoris

Two dimensions
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point source - iteration vs. frequency
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Free lunch

wy = c(x)*Aw — f(z)(cos(wt) + cos(2wt) + cos(4wt)),

[Tv =

9 1
7 / (cos(wt) + cos(2wt) + cos(4wt) w(
0
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Free lunch
Lu™ 4 w2 um = fm)(x), 7w = Lw — F(x,t), xef), te|0,Ty],
Bu(™ = ¢(m) (%), Bw = G(X t), x € 012,
Z £ (x) cos(wmt),
Filter each solution N
'

e 2 Ttm m . '
(k1) def 2 / (cos(wmt) — ) [P et o) = 37 0O (@) cos(uoyt) | i,
0 j=1,j#m

MFWHN3N2 rder=4, TS=e: plt

MFWH, 1, Ni=3, N =2

105k —Fix P “CR=0.91, ECA= 0.96] |
—G : CR=0.23, ECR=0.48
- y ACR=0.94

100} =~ [—FixPnt: CR=1.33, ECR=1.33 |1

—— Gmres : CR=0.47, ECR=0.47
— = Theory: ACR=1.38




Three dimensions - iterations vs. frequency

*Simple FD code with variable coefficient

*lterations for open problems scale as in 2D - linear in frequency
e lterations for all Dirichlet scale roughly as expected

Largest problem so far 8 Billion DOF
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Memory lean example

Use a longer filter to reduce memory. Define the iteration to be over
1T, 3T or 5T (up to 5 x smaller Krylov subspace)

2x2 square with a point-source near the middle 6th order SBP-FD
Fixed number of points per wavelength

WHI - GMRES res < 1e-8.
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EM-WaveHoltz
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| |—e—EM-WaveHoltz
. |—&—Direct solver
5000 ||~~~ 793+1.6e-3N°
|- - 793+2.85e-3N*

SuiteSparse .

1000
103 10% 10°
N3
TABLE II
TOTAL NUMBER OF ITERATIONS WITH 10~ 7 RELATIVE RESIDUAL
N w=wo | w=224wg | w=2.Twg
120 8 11 14
EM-WH 240 8 11 15
480 8 11 15
120 144 256 405
BICG-Stab(l) | 240 280 449 557
MEEP 480 586 800 1092
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Comparison of Explicit and Implicit EIWaveHoltz with Direct Discretization of ElasticHelmholtz

2D problem discretized using SIPDG

p=1 2 3 4 5 6 7 8 9
ho | WH 57 102 115 126 132 138 141 144 148
h/2 | WH 68 108 114 126 130 133 138 143 146
h/4 | WH 79 107 114 122 130 135 137 142 146
h/8 | WH 83 108 114 125 130 133 137 142 146
h | IWH 81 182 160 173 213 237 192 235 201
h/2 | IWH 97 151 157 168 220 263 188 276 196
h/4 | IWH 112 147 153 163 171 178 264 188 275
h/8 | IWH 117 147 154 165 171 213 217 N/A N/A
h | HH 480 | 25084 | 18298 | 37926 | 80262 | 144863 | 204694 | 230688 | 500000
h/2 | HH | 15686 | 32063 | 57338 | 106688 | 256801 | 347279 | 500000 | 500000 | 500000
h/4 | HH | 46667 | 79865 | 184331 | 334665 | 500000 | 500000 | 500000 | 500000 | 500000
h/8 | HH | 500000 | 304561 | 500000 | 500000 | 500000 | 500000 | 500000 N/A N/A

Indicates that the condition number of WaveHoltz is independent of gridsize
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